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Abstract
A shift-symmetric Galileon model in presence of spacetime torsion has been constructed for the
first time. This has been realized by localizing (or, gauging) the Galileon symmetry in flat spacetime
in an appropriate manner. We have applied the above model to study the evolution of the universe
at a cosmological scale. Interestingly, for a wide class of torsional structures we have shown that the
model leads to late time cosmic acceleration. Furthermore, as torsion vanishes, our model reproduces
the standard results.
Introduction — Late time acceleration of the universe is one of the most profound as well as intriguing
discoveries of this century [1–7]. This suggests that despite gravity being attractive, at large enough length
scales there is a repulsive effect causing an accelerated expansion of our universe. This has caused a huge
debate over the scientific community, whether this implies existence of some exotic matter, normally
referred to as dark energy or it may indicate breakdown of Einstein’s theory at large scales [8–10]. There
have been numerous candidates so far which attempt to explain the observed accelerated expansion of
the universe by either modifying the Einstein-Hilbert action by incorporating higher curvature terms or
by introducing additional matter fields, in the form of a perfect fluid, with equation of state parameter
ω < −(1/3). However most of these models introduced to address the late time acceleration of the universe,
do not follow from basic principles. Naturally, if one can obtain such a model from basic principles, yet
can explain late time acceleration, it is bound to be a very attractive choice. The model presented in this
work is an attempt in this direction.
The Galileon Lagrangian that originated from the Dvali-Gabadadze-Porrati (DGP) model [11, 12] has
two special properties — (a) in spite of being a higher derivative theory it is guaranteed to produce second
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order field equations and (b) it is endowed with the shift symmetry (scalar→ scalar + bµxµ + c, where bµ
is a constant vector and c is a constant number). These twin features make the model ghost free along
with some special renormalization properties [13–15]. These properties suggest that the Galileon model,
appropriately tailored for curved spacetime could be a viable candidate, which can explain the late time
acceleration of the universe without invoking exotic matters [16–19]. Unfortunately, it is known that the
Galileon model runs into some difficulty when gravity is introduced. This is due to the impossibility of
coupling the Galileon field with gravity, while retaining the complete shift symmetry [20]. The reason is
not hard to understand. A constant vector representing the gradient shift of the flat spacetime Galileon
model is incompatible with curved spacetime.
The construction of such a shift symmetric Galileon model in curved spacetime hinges on the fact
that, symmetries on flat spacetime hold locally in the curved spacetime. Taking a cue from the above,
the powerful method of localizing both relativistic symmetry [21, 22] as well as non-relativistic symmetry
[23, 24] was used to obtain the Galileon Lagrangian which respects the full shift symmetry locally [25].
Subsequently, a metric formulation was developed in [26]. Interestingly, the covariant Galileon models
formulated so far were obtained in the context of Riemannian manifold and do not involve spacetime
torsion. Since, a priori there is no reason for the spacetime torsion to be vanishing it is instructive to
ask what happens to the Galileon Lagrangian when the spacetime torsion is non-zero. Note that in [25]
the spacetime torsion is assumed to be vanishing, which is just a choice and we always have the option of
including torsion in the model as the main theory is formulated in the vielbein approach. In particular,
in view of [27], where spacetime torsion was introduced in a different context to explain the late time
acceleration of the universe, inclusion of torsion in the Galileon model may lead to an accelerated expansion
of the universe. This is what we would like to discuss here.
In this letter we will explicitly demonstrate that it is indeed possible to construct a covariant shift
symmetric Galileon model to explain the late time cosmic acceleration of our universe, but only when
torsion is included. The novelty of our studies are three fold — (a) This is the first venture in Galileon
cosmology which includes the effect of torsion, (b) Eventually we will see that the Galileon field itself can
act as a source of torsion and finally (c) It does not depend on any ad hoc element but follows naturally from
localizing the symmetries. The Galileon model presented here contains the full Galileon shift symmetry
locally, reproducing the standard Galileon model in the flat limit.
The letter is organized as follows: we will first introduce spacetime torsion in the Galileon Lagrangian
and discuss the essential changes brought into the matter sector. Modifications of the gravitational field
equations due to inclusion of spacetime torsion will also be addressed subsequently. Finally we will demon-
strate how a non-trivial configuration of the torsion tensor can lead to accelerating solutions of the universe.
We will set the fundamental constants c = 1 = G, the Greek indices will denote spacetime coordinates,
while the roman indices will stand for coordinates of the local inertial frame. Furthermore, throughout
the letter we will denote all the quantities involving torsion with a “bar” on the respective quantity.
Covariant Galileon Model with torsion — We will construct the Galileon Lagrangian in presence
of spacetime torsion by adopting the techniques of localization of shift-symmetry along with the Poincare´
symmetries in flat spacetime. Such localization yields the following action for the Galileon field pi in the
local inertial frame, irrespective of the presence of spacetime torsion [25]
A¯pi =
∫
d4x
1
Σ
[
− 1
2
ηabD˜apiD˜bpi
+ α
(
ηabD˜apiD˜bpi
)(
ηcdDcD˜dpi
) ]
. (1)
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Here the covariant derivative operator D˜a is defined by its action on the Galileon field pi as: D˜api ≡
ΣµaDµpi ≡ Σµa(∂µpi+Fµ), where Fµ is the gauge field originated from localization of shift-symmetry in flat
spacetime. The object Σµa is the tetrad field satisfying η
abΣµaΣ
ν
b = g
µν , where ηab = diag(−1, 1, 1, 1) is the
Minkowski metric. Note that the above Lagrangian is not the most general Galileon Lagrangian in four
spacetime dimensions, as in principle there can be two more terms present in Eq. (1) [14,19]. However, as
we will demonstrate, keeping the first non-trivial term (i.e., the term with coefficient α) alone will serve
our purpose. Thus in what follows we will concentrate on the simplest non-trivial Galileon model.
It is possible to write down the above action in a general curved spacetime background by using the
tetrad field Σaµ and transforming from local inertial coordinates {xa} to general coordinate system {yµ}.
Performing the indicated coordinate transformation we obtain the following action for the Galileon field
in curved spacetime in presence of torsion
A¯pi =
∫
d4x
√−g
[
− 1
2
gαβ (∂αpi + Fα) (∂βpi + Fβ)
+ α
{
gαβ (∂αpi + Fα) (∂βpi + Fβ)
}
×
{
pi + ∂µFµ − Tµ (∂µpi + Fµ)
}]
. (2)
Here the term inside square bracket corresponds to the Lagrangian density for the Galileon field L¯pi. In
order to arrive at the terms in the last line of the above action we have used the following property of
the tetrad field: ΣµcDµΣ
ν
d = −ΣµcΣρdΓ¯νµρ. Here Γ¯αµν is the connection associated with covariant derivative
in presence of spacetime torsion Tαµν , defined as T
α
µν ≡ Γ¯αµν − Γ¯ανµ. As evident, the torsion field Tαµν
is antisymmetric in the (µ, ν) indices. Moreover the quantity Tµ appearing in Eq. (2) is the trace of the
torsion tensor and is defined as, Tµ = T
α
µα.
For completeness, let us spell out the transformation properties of the Galileon field pi and the gauge
field Fµ. Under Galileon transformation, we have δpi = c+ bνx
ν and δFµ = −∂µc− xν∂µbν , such that the
action remains invariant modulo total derivative terms. Note that due to the presence of the gauge field
Fµ, the full Galileon symmetry is respected by the Lagrangian even in curved spacetime. This being the
prime reason for appearance of the gauge field in the Galileon action. Note that the presence of the gauge
field Fµ can also be ascribed to have originated from a Stu¨ecklberg transformation. Thus there exist a
possibility to add additional kinetic terms for the gauge field, however our concern is essentially about the
Galileon Lagrangian alone and hence such terms will not be considered in this work.
Further, the equation satisfied by the gauge field Fµ also gets modified in presence of spacetime torsion
and takes the following form:
∇¯µFν − ∇¯νFµ = ∂µFν − ∂νFµ − T ρµνFρ = 0 , (3)
where ∇¯ is the covariant derivative which incorporates the effect of torsion as well. Therefore, in the
general context in order to obtain the gauge field one needs to solve Eq. (3) in an explicit manner. Thus
Eq. (3) provides the evolution equation for the gauge field Fµ, which can be solved if time evolution of
torsion is known. Hence the time evolution of the gauge field depends on its interaction with the torsional
degrees of freedom. Note that we did not have to add any kinetic term for the gauge field to arrive at the
above evolution equation.
Before pursuing the general case, it will be worthwhile to observe the corresponding situation in absence
of spacetime torsion. In this case the unique solution for Eq. (3) becomes Fµ = ∂µΦ, for some scalar
function Φ. This enables one to write down the Lagrangian for the curved spacetime Galileon field in
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absence of spacetime torsion as, Lpi = −(1/2)∂µpi′∂µpi′ + α(∂µpi′∂µpi′)pi′, where pi′ = pi + Φ. As evident
from the structure, the above Lagrangian is essentially the covariant Galileon Lagrangian incorporating the
kinetic term and first non-trivial correction to the Galileon Lagrangian, known as the L3 term. Therefore
our action as presented in Eq. (2) indeed reduces to the correct action for curved spacetime Galileon field
in the absence of torsion. From the above analysis it is clear that in presence of torsion the solution
Fµ = ∂µΦ does not satisfy Eq. (3), which leads to additional new structures in the theory.
Let us first ensure that the modified action for the Galileon field, as presented in Eq. (2) satisfies a
second order field equation in pi. This can be achieved by varying Eq. (2) with respect to the Galileon
field. Since the torsional part has already been separated out in Eq. (2), one can use the fact that
∇µ∇νpi = ∇ν∇µpi and the commutator of covariant derivative can be written in terms of Riemann tensor.
Thus it is straightforward to explicitly verify that the field equation for the Galileon field does not contain
more than second derivatives of pi and single derivative of the gauge field. Therefore the action for the
Galileon field indeed evades the Ostrogradsky instability and therefore is free from any ghost modes.
Having ensured the stability of the theory, we now consider the energy-momentum tensor for the
Galileon field which we will need in order to write down the gravitational field equations. To derive the
energy-momentum tensor starting from the Galileon action A¯pi, one should vary the action with respect
to the metric tensor gµν , yielding,
T¯ (pi)µν ≡ −
2√−g
δA¯pi
δgµν
= (∇µpi + Fµ) (∇νpi + Fν)− 1
2
gµν
{
gαβ (∂αpi + Fα) (∂βpi + Fβ)
}
+ α
[
∇µ
{
gαβ (∂αpi + Fα) (∂βpi + Fβ)
}
(∇νpi + Fν) +∇ν
{
gαβ (∂αpi + Fα) (∂βpi + Fβ)
}
(∇µpi + Fµ)
− 2
(
pi +∇αFα
)
(∇µpi + Fµ) (∇ν + Fν)− gµν∇ρ
{
gαβ (∂αpi + Fα) (∂βpi + Fβ)
}
(∇ρpi + F ρ)
]
+ α
[
(∂αpi + Fα) (∂
αpi + Fα)
{
Tµ (∂νpi + Fν) + Tν (∂µpi + Fµ)
}
+ 2
{
Tα (∂
αpi + Fα)
}
(∂µpi + Fµ) (∂νpi + Fν)− gµν
{
Tα (∂
αpi + Fα) (∂βpi + Fβ)
(
∂βpi + F β
)}]
.
(4)
The terms present in the first three lines of the above energy momentum tensor is what one would have
obtained if spacetime torsion was absent and with the choice Fµ = ∂µψ it reduces to the energy momentum
tensor derived for covariant Galileon models described in the literature [14,26]. Note that the field equation
for the Galileon field pi can also be obtained from the covariant conservation of the stress-energy tensor,
i.e., ∇µT¯µ (pi)ν = 0.
The above energy momentum tensor associated with the Galileon field T¯
(pi)
µν should sit on the right hand
side of the Einstein’s equations, which will inherit further corrections due to the presence of spacetime
torsion, affecting the gravitational Lagrangian as well. Finally assuming the background geometry to be
homogeneous and isotropic, representing our universe at large scales, one can immediately write down the
Friedmann equations, from which the late time acceleration of our universe will follow.
Gravity in presence of torsion — We have discussed the effect of spacetime torsion on the matter
sector, namely the Galileon field. As evident, there will also be modifications in the geometrical sector
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as well due to presence of spacetime torsion, which we will consider now. Due to presence of torsion the
definition of Riemann tensor through commutator of covariant derivative itself will be modified, which in
turn will alter the expressions for Ricci tensor and Ricci scalar, thereby the Einstein tensor will inherit
corrections. In particular, the commutator of covariant derivative in presence of spacetime torsion reads,[∇¯µ, ∇¯ν]Aα = R¯ ρµνα Aρ − T ρµν∇¯ρAα . (5)
From which it is straightforward to compute the Riemann tensor, which can be divided into two parts,
one independent of spacetime torsion and the other dependent on spacetime torsion. Therefore given the
Riemann tensor one may compute the Ricci tensor as well as the Ricci scalar subsequently and divide them
into a part originating from the metric degrees of freedom and another one from the spacetime torsion. This
results into, R¯ = R+(KααρK
ρβ
β−KραµKαµρ). Here we have neglected total divergences and have defined
the contorsion tensor Kµαβ appearing in the above expression as, K
µ
αβ ≡ (1/2)(Tµαβ − T µαβ − T µβα ).
Starting from the expressions for Ricci tensor and Ricci scalar one can also construct a similar relationship
between the Einstein tensor with and without torsion. Finally to derive the gravitational field equations
in presence of torsion it is necessary to vary both the gravitational action involving R¯, as well as the action
A¯pi for the Galileon field with respect to the metric. The variation of the action for Galileon field will
lead to the energy momentum tensor T¯
(pi)
µν , while variation of the gravitational action will result into the
Einstein tensor along with additional contributions originating from the torsion field. Therefore, the field
equations for (gravity+Galileon Field+Torsion) system become
Gµν = TµTν −KαβµKβαν −
1
2
gµν (T
ρTρ −KαµρKµαρ)
+ 8piGT¯ (pi)µν , (6)
where T¯
(pi)
µν has been presented in Eq. (4). The above presents the dynamical equation for the metric
gµν . However the torsion tensor still remains undetermined. To derive a source for the torsion tensor we
can follow an identical path and one should vary the total Lagrangian density R¯ + L¯pi with respect to
the contorsion tensor Kαµν . Variation of the gravitational Lagrangian with respect to contorsion tensor
leads to, (δR¯/δKµσν) ≡ Sσ νµ = Tσ νµ + T νδσµ − Tµgσν . Along identical lines the corresponding source
term originating from the Galileon Lagrangian is defined as (δL¯pi/δK
µ
αβ) ≡ −τ¯α β (pi)µ . Given the Galileon
Lagrangian L¯pi the tensor τ¯
µ (pi)
αβ becomes,
τ¯
µ (pi)
αβ =
1
2
[
δµβ (∂αpi + Fα) {(∂ρpi + Fρ) (∂ρpi + F ρ)}
− δµα (∂βpi + Fβ) {(∂ρpi + Fρ) (∂ρpi + F ρ)}
]
. (7)
Thus Galileon field can act as the source of spacetime torsion! Therefore setting the total variation of the
matter plus gravitational action to be vanishing for arbitrary variation of the contorsion tensor, we obtain
Sµαβ = 16piG τ¯
µ (pi)
αβ . Since the tensor S
µ
αβ can be expressed in terms of either the torsion tensor T
µ
αβ or
the contorsion tensor Kµαβ , one can relate the torsion tensor and the contortion tensor with τ¯
α (pi)
µν using
the above result. These expressions can in turn be substituted in the gravitational field equations, such
that the right hand side of the Einstein’s equations depend not only on the Galileon field pi and gauge field
Fµ, but also on various quadratics of τ¯
µ (pi)
αβ and its trace. This provides the general prescription to derive
the gravitational field equations in presence of spacetime torsion and Galileon field. In the next section
we will apply the formalism developed here to homogeneous and isotropic spacetime, to understand the
dynamics of our universe at a large scale.
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Cosmological Implications — As an application of the formalism presented above we will discuss
cosmological implications of the Galileon field in presence of spacetime torsion in this section. This requires
one to assume that the spacetime is homogeneous and isotropic and therefore is described solely by the
scale factor a(t), which is a function of time alone. In what follows we will further assume the spatial
curvature of the spacetime to be vanishing in conformity with recent observations [7].
The homogeneity and isotropy of the spacetime demands pi = pi(t), i.e., the Galileon field pi is an
explicit function of time alone. Moreover, the gauge field Fµ must take the following form, Fµ =
{F (t), f(t), f(t), f(t)}. Here F (t) = ∂tΦ and f(t) are arbitrary functions of time. Note that this is
the unique structure of the gauge field that preserves the isotropy and homogeneity of the spacetime.
Moreover a similar consideration applies to spacetime torsion as well, since the trace Tαµα of the spacetime
torsion appears in the Galileon Lagrangian, it is legitimate to take Tµ = (T, τ, τ, τ). Here also T = T (t)
and τ = τ(t) are functions of time alone. Therefore the differential equation satisfied by the gauge field
Fµ presented in Eq. (3) takes the following form: ∂tf + (τ/3)F − (T/3)f = 0. Given the above, one can
immediately obtain various components of the energy-momentum tensor presented in Eq. (4). Further
the tensor τ¯µαβ , introduced in Eq. (7), can be written down in terms of two independent quantities — (a)
τ¯ ′ = (p˙i′/2){−p˙i′2 + (3f2/a2)} and (b) τ¯ ′′ = (f/2){−p˙i′2 + (3f2/a2)}, where pi′ = pi + Φ. Therefore using
the results for the gauge field, torsion tensor and τ¯µαβ one can determine the right hand side of Eq. (6).
In particular, it turns out that the diagonal entries, i.e., T tt , T
x
x , T
y
y and T
z
z are non-zero and furthermore
T xx = T
y
y = T
z
z . Hence it is possible to identify the energy density ρ and pressure p associated with the
Galileon field in presence of torsion as,
ρ =
p˙i′2
2
+ 6αHp˙i′3 +
3f2
2a2
[
1− 4αHp˙i′ + 4αf˙
f
p˙i′
]
+ α
[
− 3T p˙i′3 + 3 tf
a2
p˙i′2
+ 3T p˙i′
f2
a2
+ 9t
f3
a4
]
− 8piG
[
3τ ′2 +
9
a2
τ ′′2
]
, (8)
p =
p˙i′2
2
− 2αp˙i′2p¨i′ − f
2
2a2
[
1− 4αp¨i′ − 12αpi′ f˙
f
]
+ α
[
T p˙i′
f2
a2
+ 3t
f3
a4
+ p˙i′2
tf
a2
− T p˙i′3
]
+ 8piG
[
− 3
a2
τ ′′2 + 3τ ′2
]
. (9)
The other components of the energy-momentum tensor sitting on the right hand side of gravitational field
equations must vanish. This in turn provides the two independent components of the torsion tensor T and
τ in terms of f and pi′ respectively.
Therefore, one must have a non-trivial choice for the gauge field with both F and f non-zero. This
in turn will require both T and τ to be non-vanishing. Therefore in this general context we will have the
evolution of the universe to be driven by the energy density ρ and pressure p having contributions from
the Galileon field pi, the gauge field Fµ and the torsion tensor, which collectively have been presented in
Eq. (8) and Eq. (9) respectively. Due to the complicated nature of the field equations it is not possible to
solve them analytically, however numerical analysis can be performed. This explicitly shows that there are
indeed scenarios in which late time acceleration can be achieved within this model, see Fig. 1. It turns out
that for the “Case A” in Fig. 1 the re-defined Galileon field pi′ must vary as ∼ t2 to the leading order, while
the gauge field must grow as ∼ t3. On the other hand, the torsion tensor components must decrease in
time with a similar power law behaviour. By modifying the power laws appropriately it is indeed possible
to arrive at ω0 ∼ −1 (see e.g., “Case B” and “Case E” in Fig. 1), provided the coupling constant α is larger
than certain bound. For example, if α > 10−5, then we could obtain ω0 ≤ −1/3 (including ω0 ∼ −1) for
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Figure 1: The above figure demonstrates the evolution of the Equation of State (EoS) parameter ω ≡ p/ρ
for the Galileon field coupled to spacetime torsion. The black line stands for the ω = −1/3, such that if
any curve for ω are below this line, it will lead to accelerating expansion. However as current observational
estimates suggest [7], ω0 = −1 is more favoured as late time cosmic acceleration is concerned. As evident
there are two cases — (i) Case B: In which fields except the gauge field is evolving as power law, while
gauge field is evolving exponentially; (iii) Case E: In which the power law behaviour of the fields are
different and α is small, we have late time cosmic acceleration in our model in the present epoch. See text
for more discussions.
various behaviours of the fields present in Eq. (8) and Eq. (9) respectively. However for α ≤ 10−5, we
could not obtain a scenario where late time acceleration is achieved (e.g., “Case C” in Fig. 1). Thus for
appropriate choices of the numerical value of the coupling constant and also for reasonable choices of the
gauge field and the Galileon field one can indeed have late time accelerating solution of the universe, with
torsion tensor playing the crucial role.
As evident from Fig. 1, the equation of state parameter changes with the redshift and hence is time
dependent. It turns out that the above problem of time dependent equation of state parameter is equivalent
to that of an interacting dark energy fluid, which has been extensively studied in [28–37]. Using Monte
Carlo Markov Chain technique one can demonstrate that models involving interacting dark energy (or,
time dependent equation of state parameter) has degeneracy between the matter density and the dark
energy interaction rate. This being the prime reason that the associated constraints are much weaker. In
particular, if we consider the two scenarios having equation of state parameter ω0 ∼ −1 (“Case B” and
“Case E” respectively), it is immediate that they show two different nature of time evolutions. In “Case B”,
the equation of state parameter evolves Logarithmically with redshift, while in “Case E”, the evolution of
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the equation of state parameter is slower. Incidentally, such behaviours of the equation of state parameter,
e.g., evolving Logarithmically, have already been addressed in [30, 31] taking into account of Supernova
Type Ia data [38,39], Baryon Acoustic Oscillation [40,41] and measurements of Hubble parameter [42,43].
It turns out that the numerical estimates of the best fit model obtained in [30, 31] is consistent with the
numerical results derived in the present analysis. Thus such behaviours of the equation of state parameter
appear naturally in various interacting dark energy models as well, which are consistent with the current
cosmological measurements. This explicitly demonstrates the robustness and compatibility of our results
with current observations.
Concluding Remarks — We have shown that the Galileon model with spacetime torsion, introduced
here, is able to predict the late time acceleration of the universe. It is important to point out that this is
the first time spacetime torsion has been included in the covariant Galileon theory. Interestingly enough,
the Galileon model itself can act as the source of torsion. Thus we need not have to invoke some exotic
matter, e.g., spin fluid to generate spacetime torsion. We have also demonstrated that arbitrary choices for
the spacetime torsion are unable to provide late time acceleration, one needs to consider a general situation
compatible with homogeneity and isotropy of the universe in order to achieve the same. It turns out that
in the general context as well there can be multiple situations with either power law or exponential time
variation of the basic fields, where late time acceleration can be achieved, or, in other words the equation of
state parameter at present epoch ω0 becomes less than or equal to −1. This in turn requires the coupling
α to be larger than 10−5 in natural units. For smaller values, unless some fine-tuning is employed it is not
possible to arrive at late time accelerating model of our universe. Moreover, all of these interesting features
have been achieved in a natural and systematic manner by localizing the shift-symmetry and hence the
theory remained ghost free even on the Riemann-Cartan manifold.
The covariant Galileon model with torsion developed here opens up several directions of exploration
in cosmology as well as in black hole physics. For example, it will be of significant interest to understand
the cosmological perturbation theory, structure formation and more importantly the physics of Cosmic
Microwave Background Radiation in the present context to assess whether the above model is compatible
with the current Planck data. The issue of compatibility may gain further momentum as the Square
Kilometer Array becomes operational. Therefore accurate theoretical estimation of various cosmological
parameters in this model is important in view of current and upcoming experiments. Besides, one can also
look for non-trivial black hole solutions in this model with torsional hair and in particular how generation,
propagation and finally detection of gravitational waves are affected in these models. These computations
may find their relevance in the upcoming experiments e.g., LISA, which will probe the realm of gravitational
wave astrophysics with significant detail. These estimations and computations we leave for the future.
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